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Energy in the Einstein-Aether Theory
Christopher Eling∗
Department of Physics, University of Maryland
College Park, MD 20742-4111 USA
We investigate the energy of a theory with a unit vector field (the “aether”) coupled to gravity.
Both the Weinberg and Einstein type energy-momentum pseudotensors are employed. In the lin-
earized theory we find expressions for the energy density of the 5 wave modes. The requirement that
the modes have positive energy is then used to constrain the theory. In the fully non-linear theory
we compute the total energy of an asymptotically flat spacetime. The resulting energy expression
is modified by the presence of the aether due to the non-zero value of the unit vector at infinity and
its 1/r falloff. The question of non-linear energy positivity is also discussed, but not resolved.
I. INTRODUCTION
Although Lorentz invariance has been a key feature of
theoretical physics for a century, recently there have been
a number of reasons for questioning whether it holds at
all energy scales. For example, some possible quantum
gravity effects hint that it may not be a fundamental
symmetry [1]. Thus, it is useful to construct effective,
low energy symmetry breaking models in the regimes of
the Standard Model and General Relativity (GR). The
new effects that appear can then be studied in a fa-
miliar context and compared with observations. In the
flat spacetime background used in the Standard Model,
Lorentz invariance can be broken by background tensor
fields [2]. However, when we attempt to couple such fields
to gravity, they will also break the general covariance of
GR, which we regard as fundamental. In order to by-
pass this problem, it is straightforward to consider these
fields as dynamical quantities along with the metric. In
this paper, the source of the Lorentz violation (LV) will
be modeled as a unit timelike vector ua. The unit time-
like restriction preserves the well-tested SO(3) group of
rotations while enforcing the breaking of boost symmetry
at every point in the curved spacetime. Therefore, the
vector ua can be said to act as an “aether”.
Similar work was initiated in the early 1970’s by Will,
Nordtvedt and Hellings [3, 4, 5] who studied a vector-
tensor model without the constraint in the context of al-
ternative theories of gravity. For a review of more recent
work on the subject, including aspects of observational
constraints, waves, cosmology, and black holes, see [6]
and the references therein. Following these authors, we
will refer to this theory as the “Einstein-Aether” theory.
One important open question is whether the Einstein-
Aether theory is energetically viable and stable. The
Will-Nordtvedt-Hellings models, for example, are unsta-
ble because fluctuations of the unconstrained vector can
be either timelike or spacelike, allowing ghost configura-
tions and energy of arbitrary sign [7].
Energy in a field theory is defined as the the value
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of the Hamiltonian, which acts as the generator of time
translations. Although in diffeomorphism invariant the-
ories there is generally no preferred notion of time (and
thus energy), in asymptotically flat spacetimes one can
naturally define the ADM and Bondi energies associated
with asymptotic time translations at spatial and null in-
finity respectively. The ADM and Bondi definitions for
GR have also been shown to satisfy positive energy the-
orems [8].
In this paper we examine energy in the Einstein-Aether
theory. Since it has proven difficult to directly construct
the Hamiltonian for the theory, we instead consider the
pseudotensor method of studying gravitational energy.
Such an approach was first taken in a similiar context by
Lee, Lightman, and Ni [9], who derived pseudotensors for
the unconstrained vector-tensor models but did not eval-
uate them on solutions. Despite the non-covariance of
pseudotensors, it is known that they give well-defined re-
sults for the spatially averaged energy carried by waves in
linearized theory and the total energy of asymptotically
flat spacetimes. In gravitational wave physics they pro-
vide a simple and straightforward method for calculating
averaged energy densities and the energy-momentum flux
radiated away from sources. In addition, Chang, Nester,
and Chen [10] have shown that the superpotential asso-
ciated with every pseudotensor corresponds to a (albeit
non-covariant) quasi-local Hamiltonian boundary term.
We first discuss the Einstein-Aether theory and then
motivate and construct its modified Weinberg pseudoten-
sor expression. As the calculational and consistency
check we also use a Lagrangian based method to de-
rive the modified Einstein “canonical” pseudotensor and
its associated superpotential. We then apply these ex-
pressions to solutions in both the linear and non-linear
regimes. In the linearized theory we find that the Ein-
stein and Weinberg prescriptions give the same energy
densities for the plane wave modes derived in [11]. Re-
stricting these densities to be positive yields constraints
on the model in terms of the coefficients of the aether part
of the action. These constraints are also compared to re-
sults obtained in the limit where the metric and aether
decouple [12]. In the full non-linear theory the Einstein-
Aether superpotential is used to obtain the total energy
for an asymptotically flat spacetime. This result agrees
2with [13], where the total energy in the Einstein-Aether
theory is derived via the covariant Noether charge for-
malism. We conclude with a discussion of the status of
positive energy in the non-linear regime and prospects
for a positive energy theorem.
II. EINSTEIN-AETHER ACTION
We can model gravity with a dynamical preferred
frame using a timelike unit vector ua. This vector field
breaks local Lorentz invariance spontaneously in every
configuration leaving behind the 3-D rotation group as
the residual symmetry. The unit norm condition is re-
quired to avoid ghosts and also desirable because we re-
gard the norm as extra information beyond what is nec-
essary to determine the preferred frame. Taking an ef-
fective field theory point of view we can consider the ac-
tion as a derivative expansion, subject to diffeomorphism
symmetry. The result, up to two or fewer derivatives, is
S =
1
16πG
∫ √−g Lae d4x (1)
where
Lae = −R−Kabmn∇aum∇bun − λ(gabuaub − 1). (2)
The “kinetic” term Kabmn is defined as
Kabmn = c1g
abgmn+ c2δ
a
mδ
b
n+ c3δ
a
nδ
b
m+ c4u
aubgmn (3)
and λ is a Lagrange multiplier enforcing the unit timelike
constraint. R is the familiar Ricci scalar and the coef-
ficients ci in K
ab
mn are dimensionless constants. Note
that a term proportional to Rabu
aub is not explicitly in-
cluded as it comes about as a combination of the c2 and
c3 terms in (1). The metric signature is (+−−−) and
the units are chosen so that the speed of light defined by
the metric gab is unity.
The field equations from varying the action in (1) to-
gether with a matter action with respect to gab and ua
are given by
Gab = T
(u)
ab + 8πGT
M
ab (4)
∇aJam − c4u˙a∇mua = λum, (5)
gabu
aub = 1. (6)
where
Jam = K
ab
mn∇bun (7)
and
u˙a = u
b∇bua. (8)
Here we assume that there are no aether-matter couplings
in the matter action. The aether stress tensor is given by
[14]
T (u)ab = ∇m(J(amub) − Jm(aub) − J(ab)um)
+c1 [(∇mua)(∇mub)− (∇aum)(∇bum)]
+c4 u˙au˙b
+
[
un(∇mJmn)− c4u˙2
]
uaub
−1
2
Lugab, (9)
where Lu = −Kabmn∇aum∇bun and u˙2 = u˙au˙a. The
Lagrange multiplier λ has been eliminated from (9) by
solving for it via the contraction of the aether field (5)
with ua. As we will see below, the the form of the aether
stress tensor and Einstein-Aether Lagrangian will be im-
portant tools in derivation of the modified Weinberg and
Einstein pseudotensors.
III. WEINBERG PSEUDOTENSOR
Weinberg’s pseudotensor construction [15] is based on
the “field theoretic” approach to GR that treats gravity
as a spin-2 field on a flat background spacetime. Using
Greek indices to represent coordinate indices, we begin by
writing the metric in coordinates such that gµν = ηµν +
hµν , where ηµν is the flat Minkowski metric and hµν is
an symmetric tensor field with the asymptotic conditions
hµν ∼ O(1/r), ∂σhµν ∼ O(1/r2), ∂τ∂σhµν ∼ O(1/r3).
The Einstein tensor can be expanded into a series of parts
linear, quadratic, and higher order in the field variable
hµν . Following Ch. 20 of Misner, Thorne, and Wheeler
[16] the non-linear corrections to the Einstein tensor are
defined as follows
16πG tµν ≡ 2G(1)µν − 2Gµν , (10)
where G
(1)
µν and Gµν are the linearized and full non-linear
Einstein tensors respectively. Note that this splitting is
non-unique because it depends on the coordinate system.
Since the linearized Einstein tensor is symmetric and sat-
isfies a linearized Bianchi identity ∂µG
(1)
µν = 0, it can be
rewritten in superpotential form
2G(1)µν = Hµανβ
,αβ (11)
where Hµναβ has the symmetries of the Riemann ten-
sor Hµναβ = H[µν][αβ] = Hαβµν (see, for example [17]).
Using (10) and (11) the full Einstein equation becomes
Hµανβ
,αβ = 16πG (tµν + Tµν). (12)
Due to the symmetries of Hµανβ , this implies that
∂ν(tµν + Tµν) = 0. Therefore the integral of t00 + T00
over a spacelike slice is a conserved quantity. This con-
served quantity∫
(t00 + T00) d
3x =
1
16πG
∫
H0α0β
,αβd3x
=
1
16πG
∮
H0α0β
,αnβ d2x, (13)
3where nβ is the unit normal to the surface at spatial in-
finity, is in fact the total energy, with t00 acting as the en-
ergy density of the gravitational field alone. To sharpen
this point, consider the case where the gravitational field
is weak everywhere, allowing use of the linearized theory.
The leftmost member of (13) then gives the total mat-
ter energy, which in this case is the total energy. The
rightmost member is insensitive to the interior volume,
so replacement by arbitrary sources and strong fields in
the interior will not affect the identification of (13) as the
total energy.
The extension to the Einstein-Aether theory is
straightforward. The metric field equations (4) take the
form
G˜µν = Gµν − T (u)µν = 8πGTµν . (14)
In addition to the metric, we now decompose the aether
into background and dynamical part by writing uµ =
uµ + vµ. Unlike normal matter fields the aether stress
T
(u)
µν contains linear pieces in the perturbation vµ due
to the fact that the aether does not vanish in the back-
ground (since it is always a unit vector). These linear
terms will modify the Weinberg pseudotensor and super-
potential. Performing the split of the modified Einstein
tensor G˜ab as in (10) we find
16πG t˜µν ≡ 2G˜(1)µν − 2G˜µν (15)
where G˜
(1)
µν = G(1)µν − T (1)(u)µν . G˜µν satisfies a Bianchi
identity ∇µG˜µν = 0 if the aether is uncoupled to the
matter and if the aether field equation (5) is satisfied.
Therefore in the linearized case we can write
2G˜(1)µν = H˜µανβ
,αβ (16)
along with
H˜µανβ
,αβ = 16πG(t˜µν + Tµν). (17)
By the same reasoning as before we could conclude that
the total energy is given by
E =
1
16πG
∮
H˜0α0β
,αnβd2x. (18)
However, unlike the GR case (12), it is not clear whether
the new Weinberg superpotential H˜µανβ
,α can be ex-
pressed as a local function of the fields hab and u
a [24].
On the other hand, the pseudotensor t˜µν can be calcu-
lated directly via the non-linear pieces of T
(u)
µν and Gµν
in G˜µν . This will be used to compute the linearized wave
energy densities. Evaluation of the total energy as a sur-
face integral at spatial infinity requires a locally defined
superpotential. Since we do not have knowledge of the
aether corrections to Weinberg superpotential we shall
instead consider the Einstein superpotential, which can
be derived directly from the form of the Lagrangian. The
Einstein formulation of gravitational energy-momentum
will also provide a consistency check when we evaluate
the energy density of the linearized plane wave modes.
IV. EINSTEIN “CANONICAL”
PSEUDOTENSOR
The gravitational energy pseudotensor originally de-
rived by Einstein in 1916 shortly after his discovery of
the field equations of GR is closely related to the familiar
canonical stress tensor of matter fields in flat spacetime.
In order to derive the corresponding expression for the
Einstein-Aether theory, we use a Lagrangian approach
based upon the famous work of Noether relating symme-
tries to conservation laws. In flat spacetime, invariance
of a Lagrangian under global space and time translations
is associated with the conservation of energy-momentum
expressed by the conservation of the canonical stress ten-
sor
Tν
µ =
∂L
∂(∂µψ)
∂νψ − δµνL, (19)
where L = L(ψ, ∂ψ) and ψ represents a general collec-
tion of fields with indices suppressed. In the case of local
symmetries, such as the diffeomorphism invariance of the
Einstein-Aether theory, the situation is more complex. In
the Appendix we review a general formalism due to Julia
and Silva [18] for constructing Noether currents and su-
perpotentials and apply it to the Einstein-Aether theory.
Using these results we show that the pseudotensor and
superpotential have the following general form
tν
µ =
√−g
16πG
(
∂L
∂(∂µgαβ)
∂νgαβ
+
∂L
∂(∂µuα)
∂νu
α − δµνL
)
(20)
Uν
µγ =
√−g
16πG
(
∂L
∂(∂µgαβ)
(δγαgνβ + δ
γ
βgνα)
− ∂L
∂(∂µuα)
δναu
γ
)
(21)
where L is the Lagrangian
L = −gαβ(ΓηαδΓδηβ − ΓηηδΓδαβ)
−Kαβµν∇αuµ∇βuν − λ(gµνuµuν − 1). (22)
Note that we have eliminated a surface term in the
Einstein-Hilbert Lagrangian, replacing the Ricci scalar
R with the Einstein-Schrodinger “Γ2” action, which de-
pends only on the metric and its first derivatives. When
evaluated on-shell the pseudotensor and superpotential
obey the following relations
∂µtν
µ = 0 (23)
tν
µ = −∂γUνγµ. (24)
To account for the presence of any non-aether matter
sources one only has to make the replacement tν
µ →
tν
µ + Tν
µ in (23) and (24). Like the Weinberg construc-
tion, the pseudotensor tν
µ is a conserved quantity and is
related to the divergence of a superpotential.
4The contributions from the pure GR Γ2 Lagrangian
are the Einstein pseudotensor
einsteint µρ =
√−g
16πG
(
δ µρ (Γ
α
βγΓ
β
αδ − ΓααβΓβγδ)gγδ
+ΓβραΓ
γ
γβg
µα − ΓβρβΓγγαgµα + ΓαραΓµβγgβγ
+ΓµραΓ
β
βγg
αγ − 2ΓµαβΓαργgβγ
)
(25)
and the von Freud superpotential (see, e.g. [19])
frUβ
λα =
1
16πG
1√−g gβτ∂γ{(−g)(g
λτgαγ − gατgλγ)}.
(26)
To compute the additional aether modifications, we use
the relation
∂L
∂(∂µgαβ)
= 12 (g
ανδβγ δ
µ
δ + g
ανδβδ δ
µ
γ − gµνδαγ δβδ )
∂L
∂(Γνγδ)
(27)
and Lu = K
αβ
µν∇αuµ∇βuν in (20) and (21) since when
evaluated on solutions any terms related to the unit con-
straint will vanish. We find the pseudotensor
ætν
λ =
1
16πG
(
2
√−gJλρ∇νuρ −
√−g{(Jλβ + Jβλ)uα
−(Jαβ + Jβα)uλ + (Jλα − Jαλ)uβ}Γβαν
+δλν
√−gLu
)
. (28)
and the superpotential
æUβ
λα =
1
16πG
√−g ((Jλβ + Jβλ)uα
−(Jαβ + Jβα)uλ + (Jλα − Jαλ)uβ
)
(29)
where Jaβ is defined in (7). The above decompositions
of (20) and (21) into GR and aether pieces do not satisfy
(23) and (24) independently. A key requirement when
evaluating these pseudotensorial expressions is that the
metric must be written in a coordinate system where the
connection coefficients vanish like O(1/r) or faster in the
asymptotic limit. If the coordinate system is not chosen
properly then these expressions will yield incorrect ener-
gies and momenta [25]. This condition was not well un-
derstood in the early literature on gravitational energy-
momentum, but can now be explained using an analysis
of the boundary terms and conditions in an action. See
the Appendix for further details.
V. ENERGY IN LINEARIZED THEORY
Equipped with the modified Einstein and Weinberg
pseudotensors we can now calculate the energy density
of the linearized plane wave solutions to the Einstein-
Aether theory. The plane wave solutions in the absence of
matter are found by linearizing the field equations above,
(4)-(6), with gµν = ηµν + hµν and u
µ = uµ + vµ. This
gives
∂αJ
(1)α
β = λuβ (30)
G
(1)
αβ = T
(1)
αβ (31)
v0 = −1
2
h00. (32)
Cartesian coordinates are used in the flat background,
ηµν = (1,−1,−1,−1) and uµ = (1, 0, 0, 0). Since the
background value of the Lagrange multiplier vanishes, λ
in (30) represents a perturbation. The superscript (1)
represents quantities written to first order in the per-
turbation. Jacobson and Mattingly [11] then proceed to
analyze these equations using the gauge choice
h0i = 0 (33)
vi,i = 0 (34)
which they prove to be accessible. Inserting plane wave
solutions
hµν = ǫµνe
ikcx
c
(35)
vµ = ǫµeikcx
c
(36)
into the equations of motion, imposing the 4 gauge con-
ditions (33)-(34), and choosing coordinates such that the
wave-vector is (k0, 0, 0, k3) (travelling in the z direction),
it is found [11] that the mode polarizations and speeds
are completely determined. The result is a total of 5
wave modes falling into spin 2, spin 1, and spin 0 types
as shown in Table I [26]. The notation I in subscript
refers to the transverse components of the metric and
aether while c14 = c1 + c4, etc. The 2 spin-2 TT metric
modes look exactly like the usual GR case, except for the
modification of the speed. The 2 spin-1 transverse aether
modes and 1 spin-0 trace mode are new modes coming
from the constrained aether, which is characterized by 3
degrees of freedom.
In order to determine the energy, note that in the ab-
sence of matter the Weinberg prescription (13) reduces
to
E =
1
16πG
∮
H˜0α0β
,αnβ d2x =
∫
t˜00 d
3x, (37)
which clearly produces infinite total energy for plane
wave modes. One could reformulate the problem in terms
of wavepackets with the appropriate asymptotic fall-off
conditions, but a far more direct approach is to simply
evaluate the plane wave energy density t˜00. This quantity
is meaningless at a point for plane waves, but the aver-
age over a cycle is well-defined. Consider a large, but
finite region with nearly plane waves. There are “surface
effects”, but the the contribution to
∫
t˜00d
3x is domi-
nated by the volume. Thus, t˜00 gives an effective energy
density.
The 3 general classes of modes were analyzed sepa-
rately using the Riemann tensor package [20] in Maple.
5TABLE I: Wave Mode Speeds and Polarizations
Mode Squared Speed s2 Polarizations
spin-2 1/(1 − c13) h12,h11 = h22
spin-1 (c1 −
1
2
c21 +
1
2
c23)/c14(1− c13) hI3 = [c13/(1− c13)s]vI
spin-0 c123(2− c14)/c14(1− c13)(2 + c13 + 3c2) h00 = −2v0,
h11 = h22 = −c14v0,
h33 = [2c14(c2 + 1)/c123]v0
The package allows the user to enter the components of
the metric and aether vector, calculate curvature tensors,
and to define new tensors involving both ordinary and co-
variant derivatives. In this case we entered the linearized
metric and aether, where hµν and v
µ take the plane wave
forms. A polarization was written as
A exp ik3(z − st) +A exp(−ik3(z − st)) (38)
where s are speeds shown in Table I and A is a complex-
valued function. Using this metric we calculated the ex-
plicit form of the Weinberg pseudotensor t˜00 (15) up to
quadratic order. Higher order terms will be small in the
linearized theory and oscillatory terms proportional to
A
2
and A2 can be neglected in the usual time averaging
process. These energy densities were then compared with
the modified Einstein pseudotensor einsteint0
0+æt0
0 from
(25) and (28) again up to quadratic order in the perturba-
tions. Note that while (23) holds at quadratic order when
the linearized equations of motion are imposed, (24) does
not. Therefore, one must use the modified Einstein pseu-
dotensor directly to compute the energy densities. The
results of the Weinberg and Einstein prescriptions agreed
and are displayed below:
Espin−2 = 1
8πG
k23 |A|2 (39)
Espin−1 = 1
8πG
k23 |A|2
c23 − c21 + 2c1
1− c1 − c3 (40)
Espin−0 = 1
8πG
k23 |A|2c14(2− c14) (41)
These results have been independently verified in [21]
using the Noether charge method and a decomposition of
ua into irreducible pieces. The lack of ci dependence in
(39) and the simplicity of (40)-(41) is striking considering
the complicated form of the pseudotensor expressions.
The energy of the spin-2 mode is positive definite, like
pure GR, while for the other 2 modes the sign of the
energy density depends upon a combination of c1, c3, and
c4. Note that when the ci’s are zero (40) and (41) are
zero as expected. This set of results for the coefficients
also holds for exponentially growing modes (i.e. when
s2 < 0)
A cos(kz + ϕ) exp(kst) (42)
when we average over the spatial oscillations. Restricting
s2 > 0 in Table I to eliminate the unstable modes and
enforcing positivity in the energy densities in (39)-(41)
restricts the ci values in the Einstein-Aether theory.
In [12], Lim worked in the limit where the aether and
metric perturbations decouple, with the aether propa-
gating in flat spacetime. Mathematically this amounts to
tuning ci, G→ 0 while holding the ratio ci/G fixed in the
action (1). If we then expand the metric as g = η+
√
G h
and take the limit, the action reduces to that of linearized
gravity plus aether terms coupled only to ηab. In this
limit the linearized constraint reduces to v0 = 0 and
we can decompose vi into spin-0 and spin-1 parts via
vi = ∂iS +N i where N i,i = 0. By examining the Hamil-
tonian of these modes they found c1 > 0 for positivity
in both cases, neglecting c4. We can make contact with
this result simply by examining in the small ci limit of
the wave solutions. The trace and transverse aether en-
ergy waves then correspond to the flat spacetime spin-0
and spin-1 modes. To lowest order in ci/G we find that
c14 > 0 (43)
c1 > 0 (44)
for positive energy densities of the spin-0 and spin-1
modes respectively. Restoring c4 in the flat spacetime
analysis yields complete agreement. Note that for small
ci the s
2 > 0 criteria for stable, non-exponentially grow-
ing modes reduce to c1/c14 ≥ 0 for the spin 1 aether-
metric mode and c123/c14 ≥ 0 for the spin 0 trace mode.
Thus, modes with positive energy are stable if c123 > 0.
VI. NON-LINEAR ENERGY
In this section we will attempt to extend the criteria
for positive energy from linearized theory into the non-
linear regime. As a first step, let us consider the total
energy of an asymptotically flat spacetime in the full non-
linear theory. Integrating (24) over a spacelike slice in the
presence of non-aether matter gives the total energy∫
Teff0
0 =
∫
∂λ
totU0
λ0 =
∮
∞
totU0
λ0nλdS (45)
where totU = æU+ grU are the aether and von-Freud su-
perpotentials, (29) and (26), and Teff = t+T is total mat-
ter and gravitational energy-momentum. The problem
now is to calculate the superpotentials for the asymptoti-
cally flat solutions to the Einstein-Aether theory. We will
use Cartesian coordinates throughout since these have
6the required asymptotic behavior discussed at the end
of Section IV. Therefore, the surface element is dS =
r2dΩ2 and the unit normal is (
√
2, x/r, y/r, z/r) where
r =
√
x2 + y2 + z2. For asymptotically flat boundary
conditions we will assume that as r →∞
gµν = ηµν +O(1/r) + · · · (46)
uµ = uµ +O(1/r) + · · · (47)
where uµ = (1, 0, 0, 0) with respect to the Minkowksi
metric ηµν = (1,−1,−1,−1). Equation (45) will only be
affected by terms in the metric and aether up to O(1/r).
Using the analysis of the Newtonian limit [22] and apply-
ing the unit constraint, we find that far from the source
in any asymptotically flat solution
g00 = 1− r0
r
+ · · · (48)
gij = −1− r0
r
+ · · · (49)
g0i = O(1/r
2) + · · · (50)
ut = 1+
r0
2r
+ · · · (51)
ui = O(1/r2) + · · · . (52)
The constant value at infinity and 1/r fall-off term in
the aether are due to the unit timelike constraint. Thus,
unlike ordinary fields, the aether will contribute to the
energy expression directly. Inserting (48)-(52) into the
von-Freud superpotential (26) and aether superpotential
(29) yields the usual ‘ADM mass” of GR
EGR =
1
16πG
∮
∞
(gjk,k − gkk,j)njd2S = r0
2G
(53)
and the aether modification
Eæ =
c14
8πG
∮
∞
∂iut nid
2S = −c14
2
r0
2G
. (54)
Combining, we find
Etot =
r0
2G
(1− c14
2
). (55)
This shows that the aether contribution effectively renor-
malizes the r0/2G value we usually find for the total
energy of an asymptotically flat spacetime in GR. This
renormalization can also be understood as a rescaling
of Newton’s constant of the form GN = G/(1 − c14/2),
which agrees with the result of [22].
Equation (55) implies that if c14 < 2 then the total en-
ergy of the Einstein-Aether theory is positive if the ADM
mass r0/2G is positive. However, the positive energy the-
orem for GR [8] requires a stress-tensor that satisfies the
dominant energy condition. The aether stress-tensor (9)
does not appear to generally satisfy this condition, so
proof of total positive energy remains elusive. For some
speculative thoughts on modifying the positive energy
theorem, see [6].
Despite these difficulties, there are special cases of the
non-linear theory that are simple enough for calculations
of the energy, yet still give important results. One sector
of interest is the non-linear decoupled limit. As discussed
above in Section V this limit allows one to essentially
replace gab with the flat Minkowski metric ηab in the
aether parts of (1). One significant example is c2 = c3 =
c4 = 0, c1 6= 0 theory. In this case the Lagrangian density
for the aether is
L = c1η
abηmn ∂au
m∂bu
n + λ(u2 − 1) (56)
This corresponds to a nonlinear sigma model on the unit
hyperboloid, which has a stress tensor satisfying the dom-
inant energy condition. A simple way to see this is to note
that the derivatives of the individual scalar components
uµ and are contracted with ηµν , which is positive defi-
nite on the unit hyperboloid. Returning to the linearized
plane wave energy densities of Section V we see that in
this special case of (39)-(41), if 0 < c1 < 1 energy is
positive in both the linearized and decoupled non-linear
regimes of the theory.
Another important application of the decoupling limit
relevant for our analysis of energy is the work of Clay-
ton [23]. Clayton examined the Maxwell-like simplified
theory where c1 = −c3, c2 = c4 = 0 in the decoupled
version of non-linear Lagrangian (1), yielding
L =
∫
d3x{ 12 (∂tui − ∂iu0)2 − 14F 2ij + 12λ(u20 −−→u 2 − 1)}.
(57)
where Fµν = ∂µuν − ∂νuµ. The standard calculation of
the Hamiltonian and the constraint equations then pro-
duces the following on-shell value for the Hamiltonian
H =
∫
d3x{ 12
−→
P 2 + P i∂iu0 +
1
4 (Fij)
2}. (58)
Unlike the electromagnetic case, the second term cannot
be turned into a total divergence since now∇·−→P = −λu0
on-shell. This implies that for some solutions the value
of the Hamiltonian is negative. For example, as initial
data choose ui to be the gradient of a scalar field and
Pi = −∂iu0. Evaluating the Hamiltonian then yields
E = −1/2(∂iu0)2, (59)
which can be made arbitrarily negative by an appropriate
choice of u0.
Moreover, as Clayton points out, the negative energies
are not restricted to this special case. In particular, al-
lowing c2 6= 0 does not affect the −→P · −→∂ u0 term in the
Hamiltonian and even produces additional questionable
terms. The indefinite nature of the decoupled Hamil-
tonian contrasts with with the wave energy densities of
Section V, which clearly can be made positive definite in
the Maxwell-like case. The key point is that the wave
results are in the linearized theory and associated with
quadratic parts of the Hamiltonian, while the indefinite
7terms appear at higher orders. For example, the lin-
earized constraint equation v0 = 0 eliminates
−→
P · −→∂ u0
from the Maxwell-like Hamiltonian and forces the u0 in
(59) to be quadratic or higher in the perturbation. Thus,
the indefinite pieces begin to appear at quartic order in
the Hamiltonian. This indefiniteness at higher orders im-
plies that the decoupled, linearized results of Lim and the
“coupled”, linearized analysis of this paper generally do
not detect possible energies of arbitrary sign in the fully
non-linear decoupled Einstein-Aether theory.
VII. DISCUSSION
In this paper we have derived two energy-momentum
pseudotensor expressions for the Einstein-Aether theory
and used them to compute the energy densities of weak
gravitational waves and the total energy of an asymptot-
ically flat solution. The constraints of Section V show
that a sector of this LV model satisfies the important
theoretical condition of positive energy in the linearized
case. However, a remaining open question is whether
the energy remains positive when we consider the full
non-linear theory. We have argued that in the decou-
pled limit the c1 6= 0 non-linear sigma model is immune
to the sickness of energies of indefinite sign. However,
other special cases of the coupling constants yield nega-
tive energy solutions even when the linearized theory has
positive energy. A complete answer to the question of
positivity of energy in the non-linear theory is not yet in
hand.
The recipe for the Weinberg pseudotensor discussed
in Section III and the Einstein superpotential and pseu-
dotensor derived in Section IV also has applications in
studying the emission of gravitational-aether radiation
from astrophysical sources. In [21] the analog of the
quadrupole formula (which also involves monopole and
dipole moments), is obtained using a pseudotensor ex-
pression derived from the related Noether charge ap-
proach. This expression is then used to track radiative
energy losses and study constraints on the model.
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Appendix
Background
In this appendix we will derive the Einstein psuedoten-
sor and superpotential using the Noether current formal-
ism of Julia and Silva [18] applied to Lagrangians that
depend on the fields and their first and second deriva-
tives. We can write a variation in the Lagrangian as
δL =
∂L
∂ψ
δψ +
∂L
∂(∂µψ)
δ(∂µψ) +
∂L
∂(∂µ∂νψ)
δ(∂µ∂νψ)
(A.1)
and then integrate by parts to isolate the equations of
motion E and a symplectic current θµ,
δL = Eδψ + ∂µθ
µ, (A.2)
where
∂µθ
µ = ∂µ
(
∂L
∂(∂µψ)
δψ − ∂ν( ∂L
∂(∂µ∂νψ)
)δψ
+
∂L
∂(∂µ∂νψ)
∂ν(δψ)
)
. (A.3)
If the action associated with L is invariant under a con-
tinuous transformation of the fields, δL = ∂µS
µ. Thus,
we have the equation
∂µ(S
µ − θµ) = Eδψ. (A.4)
This identifies the on-shell (E = 0) conserved Noether
current,
Ju = θµ − Sµ = ∂L
∂(∂µψ)
δψ − ∂ν( ∂L
∂(∂µ∂νψ)
)δψ
+
∂L
∂(∂µ∂νψ)
∂ν(δψ)− Sµ. (A.5)
We now want to consider a gauge transformation of the
fields that involves derivatives of the generator ξA(x).
Here we will focus on the special case restricting atten-
tion to only the first derivative. Following the analysis
and notation of [18] we parameterize the gauge transfor-
mation as
δψ = ξA∆A + (∂νξ
A)∆νA (A.6)
where A is an internal or spacetime index and ∆ is
a transformation matrix. The quantity Sµ can be ex-
pressed similarly as
Sµ = ξAΣµA + (∂νξ
A)ΣµνA + (∂τ∂νξ
A)Σ
µ(τν)
A . (A.7)
Inserting these forms into (A.5) and combining terms, we
find that on-shell
∂µ
(
ξAJµA + ∂νξ
AUµνA + ∂τ∂νξ
AV
µ(ντ)
A
)
= 0, (A.8)
8where
JµA =
(
∂L
∂(∂µψ)
− ∂ν( ∂L
∂(∂µ∂νψ)
)
)
∆A
+
(
∂L
∂(∂µ∂νψ)
)
∂ν∆A − ΣµA (A.9)
UµνA =
(
∂L
∂(∂µψ)
− ∂τ ( ∂L
∂(∂µ∂τψ)
)
)
∆νA
+
(
∂L
∂(∂µ∂τψ)
)
∂τ∆
ν
A +
∂L
∂(∂µ∂νψ)
∆A
−ΣµνA (A.10)
V
µ(τν)
A =
∂L
∂(∂µ∂τψ)
∆νA − Σµ(τν)A . (A.11)
Since ξA and its derivatives should be arbitrary and in-
dependent, this single equation decomposes into 4 equa-
tions
∂µJ
µ
A ≈ 0 (A.12)
JµA + ∂νU
νµ
A ≈ 0 (A.13)
U
(µν)
A + ∂τV
τ(µν)
A = 0 (A.14)
V
(µντ)
A = 0. (A.15)
The first two equations hold on-shell, while the last two
are identities (since there are no second or third deriva-
tives of ξA on the right hand side of (A.3)).
The gauge symmetry implies that JµA is conserved and
equal to the divergence of the superpotential UµνA . Since
ξA = ξA(x), the Noether current Jµ (A.5) will now be
parameter dependent. Let us consider a one parameter
subgroup of the local gauge or diffeomorphism symmetry
where ξA has the decomposition,
ξA(x) = ǫ(x)ξA0 , (A.16)
and ξA0 is fixed. Inserting this form into (A.13) produces
ξA0 J
µ
A + ∂ν(ξ
A
0 U
νµ
A ) = 0, (A.17)
with Jµξ0 = ξ
A
0 J
µ
A. The conserved charge is
Q =
∫
J0ξ0d
3x =
∮
ξA0 U
ν0
A nνd
2x (A.18)
Q depends on the choice of ξA0 and can be expressed in
terms of the gauge fields up using (A.10). If ξA0 is an
asymptotic translation in an asymptotically flat space-
time, then the conserved charge will be a total energy or
momentum. Using the variational principle (δS = 0 ⇒
equations of motion), we will show in the next section
that the choice of ξA0 is subject to certain boundary con-
ditions at infinity. We now apply this type of Lagrangian
analysis to the Einstein-Aether theory.
Application
Assume that the Lagrangian density L(ψ, ∂ψ, ∂2ψ) is
invariant under diffeomorphisms and is a combination of
a scalar density L˜ and a total divergence ∂µWµ,
L(ψ, ∂ψ, ∂2ψ) = L˜(ψ, ∂ψ, ∂2ψ) + ∂µ[Wµ(ψ, ∂ψ)].
(A.19)
If Wµ is a vector density then the total divergence is
a scalar density, but we allow for a non-covariant to-
tal divergence. For a variation that is an infinitesi-
mal diffeomorphism generated by a vector field ξµ, we
have δL˜ = ∂µ(ξµL˜) since L˜ is a scalar density and
δ(∂µW
µ) = ∂µ(δW
µ). Therefore the surface term Sµ
in A.4 has the form
Sµ = ξµL˜+ δWµ. (A.20)
Now consider the Einstein-Hilbert action
SEH =
∫ √−g R (A.21)
of pure GR. The Ricci scalar R has a dependence on
second derivatives of the metric. In light of this, Einstein
exploited a property of the Hilbert action that allows it
to be separated into a bulk and a surface term∫ √−g R d4x = ∫ √−gLbulk + ∂µV µd4x. (A.22)
This decomposition of the Ricci scalar takes the following
form
Lbulk = g
αβ{ΓηαδΓδηβ − ΓηηδΓδαβ} (A.23)
V µ =
√−g{Γµαβgαβ − Γβαβgµα}. (A.24)
where Γ is the Levi-Civita connection. One can elimi-
nate the total divergence by adding its negative to the
Einstein-Hilbert action∫ √−gLbulk = ∫ √−g R d4x− ∂µV µd4x. (A.25)
The elimination does not affect the equations of motion
and is consistent with the general action (A.19) with L˜ =√−g R and Wµ = −V µ. The result of this is a loss of
diffeomorphism invariance since the remaining Lbulk in
the “Γ2” action is not a scalar. We have allowed for this
possibility with the non-covariant ∂µW
µ term in (A.19).
With L(ψ, ∂ψ, ∂2ψ) the bulk part of the Einstein-
Hilbert action plus the the aether terms in (1), we arrive
at the Einstein-Aether form of (A.4) on shell
∂µ
(
∂L
∂(∂µgαβ)
δgαβ +
∂L
∂(∂µuα)
δuα − Sµ
)
= 0. (A.26)
The second derivative terms in (A.5) vanish in this case.
Under a diffeomorphism generated by a vector field ξν
the variation of the metric and the aether is simply the
Lie derivative, δgαβ = ξ
ν∂νgαβ + ∂αξ
νgνβ + ∂βξ
νgαν and
δuα = ξγ∂γu
α − uγ∂γξα. It follows from (A.20) that
9Sµ = ξµLbulk −√−g(∂δ∂νξµgδν − ∂δ∂νξνgµδ). Inserting
these forms into (A.26) produces
tν
µ =
√−g
(
∂L
∂(∂µgαβ)
∂νgαβ +
∂L
∂(∂µuα)
∂νu
α
−δµνL) (A.27)
Uν
µγ =
√−g
(
∂L
∂(∂µgαβ)
(δγαgνβ + δ
γ
βgνα)
− ∂L
∂(∂µuα)
δαν u
γ
)
(A.28)
Vν
µ(γλ) =
√−g
(
δµν g
λγ − 1
2
δγνg
λµ − 1
2
δλν g
γµ
)
(A.29)
as coefficients of ξµ, ∂ξµ and ∂2ξµ respectively. tν
µ and
Uν
µγ , and Vν
µ(γλ) are the analogs of JµA, U
µν
A , V
µ(γλ)
A in
(A.9)-(A.11). The resulting equations due to the arbi-
trariness and independence of the derivatives of ξµ are
∂µtν
µ ≈ 0 (A.30)
tν
µ ≈ −∂γUνγµ (A.31)
Uν
(γµ) + ∂λVν
λ(µγ) = 0 (A.32)
Vν
(λνγ) = 0. (A.33)
Following (A.16), we can keep the ξν vector fixed (and
determine it later for each conserved charge) by choosing
ξν = ǫ(x)ξν0 . The main result, as before, is
ξν0 tν
µ = −∂γ(ξν0Uνγµ) (A.34)
showing that a Noether charge is again obtained as a
surface term. Einstein effectively chose the ξν0 vector to
be a constant in (A.34), reducing the pseudotensor to a
form consistent with the flat spacetime canonical stress
tensor (19). However, this choice is not inconsequential.
The variational principle for the Γ2 action requires the
vanishing of the surface term in the asymptotic region,
∫
S∞
∂L
∂(∂µgαβ)
δgαβ +
∂L
∂(∂µuα)
δuα. (A.35)
Therefore we have Dirichlet boundary conditions δgαβ =
0 and δuα = 0 on the metric and the aether at infinity.
Inserting the Lie derivatives for the variations above, we
see that as r →∞
∇(αξβ) → 0 (A.36)
L
ξ
uα → 0. (A.37)
Since ξν has been chosen to be constant everywhere and
uα is asymptotically constant, the connection coefficients
must vanish as one approaches spatial infinity. Thus,
one must compute the pseudotensor and superpotential
in a coordinate system where the connection vanishes
asymptotically as O(1/r) or faster.
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